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1 Introduction 

In what follows, M denotes a paracompact differentiable manifold, C°°(M) the 
algebra of smooth functions on M, A a local algebra (in the sense of Andre 
Weil) i.e a real commutative algebra with unit, of finite dimension, and with an 
unique maximal ideal m of codimension 1 over R. In this case, there exists an 
integer h such that m h+1 = (0) and m h / (0). The integer h is the height of A. 
Also we have A = R © m. 

For example the algebra of dual numbers 

© = R [T] /(T 2 ) 

is a local algebra with height 1. 

We recall that a near point of x £ M of kind A is a morphism of algebras 

£ : C°°(M) — ► A 

such that 

- /(*)] G m 
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for any / £ C°°(M). We denote M A the set of near points of x £ M of kind A 
and 

M A = |J M A 

xGM 

the manifold of infinitely near points on M of kind A [7] . 

We have R A = A, M a = TM where TM is the tangent bundle of M. 

When the dimension of M is n, then the dimension of M A is n x dim(A) [7]. 
Let (U, if) be a local chart with local coordinates {x\, X2, ■ x n ). The application 

C/ A — > A n ,^ (^ 1 ),C(x 2 ),...,e(^)), 

is a bijection from U A to an open of A n . Thus Af is an A- manifold of dimension 
n. 

The set, C co (M A ,A), of smooth functions on M A with values in A is a 
commutative algebra with unit over A. 
For any / £ C°°(M), the application 

Z' 4 : M A > A, £ 1 > £(/)) 

is smooth and the application 

C°°(M) — + C°°(M A ,A),/ h— j. / A , 

is a monomophism of algebras. 

The following assertions are equivalent [T]: 

1. X is a derivation of C°°(M A ) i.e. X is a vector field on M A ; 

2. X : C°°(M) — > C°°(Af A , A) is a R-linear application such that, for any 

/, 5 eC°°(M), 

x(/. 9 )=x(/).^ + /' 4 .x(. 9 ) 

i.e. X is a derivation from C°°(M) to C 00 {M A 1 A) with respect the module 
structure 

C°°(M A , A) x C°°(Af) — > C°°(M A ,A),(FJ) 1 — > F ■ f A . 

Thus the set, X(M A ), of vector fields on M A considered as derivations of 
C°°(M) into C°°(M A , A) is a module over C°°(M A , A). 
When 

9 : C°°(M) — > C°°(M) 
is a vector field on M, then the application 

6 A : C°°(M) — > C°°(M A ,A),/ h->. [6»(/)] A , 

is a vector field on M" 4 . We say that the vector field 9 A is the prolongation to 
M A of the vector field 9. 
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If X is a vector field on M A , considered as a derivation of C°°(M) into 
C°°(M A ,A), then there exists, [I], an unique derivation 

X : C°°(M A ,A) — ► C°°(M A , A) 

such that 

1. X is A- linear; 

2. X[C*°°(Af A )] cC°°(M A ); 

3. XC/- 4 ) = for any / e C°°(M). 

Let (a a ) a =i,...,r be a basis of A and (a*) tt =i r ..,r be the dual basis. 
If 

Y : C°°(M A ,A) —> C°°(M A ,A) 
is an A-linear derivation such that 

Y(f A ) = X(f A ) 

for any / E C°°(M), then 

Y [C°°(M A )] C C°°(M A ) 

since 

r(o*o/ A )= X{a* a of A )eC°°{M A ) 

for any a = 1,2,.., r. Thus, [I], F= X. 
The application 

[,] : X(M A ) x X{M A ) — > X(M A ),(X,Y) i — > X o F - F o X, 

is A-bilinear and defines a structure of A-Lie algebra on X(M A ) [T]. 

If we denote Der [C°°(M A ,A)], the C°°(M A , A)-module of derivations of 
C°°(M A , A), then the application 

X{M A ) — > L>er [C°°(M j4 , A)] , X i — > X, 

is a morphism of A-Lie algebras pQ. 
For any p G N, 

A p (M A , A) = [X(M' 4 ),C ,00 (M A , A)] 

denotes the C OD (M A , y4.)-module of skew-symmetric multilinear forms of degree 
p on X(M A ). We say that AP(M A , A) is the C°°(M A , A)-module of differential 
A-forms of degree p on M A . We have 

A°(M A ,A) = C°°(M A ,A). 



3 



We denote 

n 

A(M A ,A) = (£)A P (M A ,A). 

If to is a differential form of degree p on M, then there exists an unique 
differential A-form of degree p on M* 4 such that 

u A (d A ,9 A ,...,9 A ) = {uj(9 1 ,9 2 ,...,6 p )} A 

for any vector fields 9%, 62, #p € X( M). We say that the differential A- form 
w" 4 is the prolongation to M of the differential form w [2J , [5] • 
When 

d : A(M) — ► A(M) 
is the exterior diffcntiation operator, we denote 

d A : A(M A , A) — > A(M j4 , A) 

the cohomology operator associated to the representation 

X(M A ) — ► Der [C°°(M A , A)] , X 1 — ► X. 

We recall that for r) G A P (M A , A), we have 

p+1 

= [»?(*1> X 2, X, x p+1 ) 

i=l 

l<i<j<p+l 

for any vector fields Xi,X%, X p+ i on M A , where Xi means that the term Xi 
is omitted. 

The application 

d A : A(M A , A) — > A(M A , A) 

is A-linear and 

d A {uj A ) = {duj) A 
for any u> £ A(M) [I]. It is obvious that if 

duo = 0, 

then 

d A {LO A ) = 0. 

Let (M, w) be a symplcctic manifold. Then the manifold M is a Poisson 
manifold i.e. the algebra C°°(M) carries a structure of Poisson algebra. For 
any linear form 

V> : A — > R, 
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the differential form ip o ui A is not necessary a symplectic form on M A . That 
means that the prolongation oo A does not always induce a structure of Poisson 
on M A . In effect, let m be the maximal ideal of a local algebra A, 

ann(m) ={a£ A/ a ■ x = for any x G m} 

and 

[iA ■ A x A — > A, (a, b) i — > a ■ b, 

the multiplication on A. Then there exists a linear form ip : A — > K such that 
the bilinear symmetric form 

ip o fi A : A x A — > K 

is nondegenerated if and only if dim [ann(m)] = 1[5]. 

When (M, lu) is a symplectic manifold and ip G A* a linear form on A, then 
the scalar 2-form ipouj A is a symplectic form on M' 4 if and only if dim [ann{m)\ = 

1 and ip[ann(m)] ^ : it is the case when A = K [Ti, T s ] /[T* 1 , T s fcs ]. 
Thus, when (M, oj) is a symplectic manifold, we cannot obtain a Poisson struc- 
ture on M A which comes from the prolongation of uj when dim [ann(m)] ^ 1. 
For example, it is the case when A = K [T X ,T 2 ] /(T 1 ,T 2 ) 2 . 

In this paper, we do not study the structures of A-manifolds but we study the 
structures on M A as an A-manifold. When M is a manifold, the basic algebra 
of M is C°°(M). As X(M A ) is a C*°°(Af A , A)-module, considered as the set of 
derivations of C°°{M) to C°°(M A , A), and a Lie algebra over A, and as M is 
an A- manifold, that means that the basic algebra of M A is C°°(M A , A): thus 
the natural space for studying Poisson structures on M A is C co (M A , A) but not 
C°°(M A ). When (M,u) is a symplectic manifold, we will show that (M A ,u> A ) 
is a symplectic A-manifold. 

The main goal of this paper is to define the notion of A-Poisson structures 
on M A and to show that if a manifold M is a Poisson manifold, then M A admits 
an A-Poisson structure. We also show that if M is a symplectic manifold, then 
M A admits an A-Poisson structure such that this structure coincide with the 
structure of A-Poisson manifold on M A deduced by the structure of Poisson 
manifold on M defined by the symplectic form. 

2 A-Poisson structures 

We recall that a Poisson structure on a differentiable manifold M is due to the 
existence of a bracket {, } on C°°{M) such that the pair (C°°(M), {, }) is a real 
Lie algebra and 

{f,9-h} = {f,g}-h + g-{f,h} 

for any f,g,hE C°°(M). In this case we say that M is a Poisson manifold and 
C°°(M) is a Poisson algebra. 

We will say that the A-algebra C co (M A , A) is a Poisson A-algebra if there 
exists a bracket {,} on C°°(M A , A) such that the pair (C°°(M A , A), {, }) is a 
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Lie algebra over A satisfaying 

{if, V>1 • 02 } = W, Ipl} ■ "02 + 01 ■ {<P, "02 } 

for any <£,<0i,02 G C°°(M A ,A). When C°°(M A ,A) is a Poisson A-algebra, 
we will say that the manifold M A is a A-Poisson manifold or M A admits an 
A-Poisson structure. 

2.1 Structure of A-Poisson manifold on M A when M is a 
Poisson manifold 

In this part, M is a Poisson manifold with bracket {, }. In this case, for any 
/ e C°°(M), the application 

ad(f):C°°(M)^C°°(M),g^{f,g}, 

is a vector field on M and, for any g £ C°°(M), we get 

ad(fg) = f ■ ad(g) + g ■ ad(f). 

For any / G C*°°(M), let 

: C°°(M) C°°(M A ,A),g — > 

be the prolongation of the vector field ad(f) and let 

H(/)] A : C°°(M A ,A) — > C°°{M A , A) 
be the unique A-linear derivation such that 

[aAf)] A {g A ) = [ad{f)] A {g) 

= {f,g} A 

for any g G C°°(M)[I]. 

Proposition 1 for any (/? G C°°(Af ,yl), t/ie application 

t v : C°°(M) — ► C°°(M A ,A),f 1 — » -[ad(/j]^(^), 
is a vector field on M A . 

Proof. It is obvious that r v is linear. For any f,g G C°°(M), we have 

= -M/s)] A (¥>) 

= -[/ • ad{g)+7- ad{f)] A {^) 

= f A ■ (-[^d{g)] A ) (<p)+g A • (-[ad(f)} A ) (*>) 

= (-[ad{f)} A ) {ip) ■ g A + f A ■ (-[ad{f)} A ) {y) 

= rM)-9 A + f A -^(g)- 
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That ends the proof. ■ 

For any ip G C°°(M A , A), we denote 

% ■ C°°(M A , A) — -> C°°(M A , A) 

the unique A-linear derivation such that 

rM A ) = r v {f) 

for any / e C°°(M). 

For / G C°°(M), we verify that 

= [ad{f)] A . 

Proposition 2 For ip, ip e C°°(M' 4 , A) and for a & A, we have 

T^jj = if ■ T\p + tjj ■ T\p. 

Proof. For ip,ip e C°°(M A 7 A), + T\j, is an A-linear derivation. For any 

/ e C°°(M), we get 

(^ + ^)(f A ) = (^)(f A ) + (^)(.f A ) 

= (-[aAf)] A ) ( l p)+(-[aAf)] A ) ty) 

= (-M/)p) + 

We deduce that 

For 93 e C°°{M A , A), a e A and / e C°°(M), we have 
(a-^)(/ A ) = a-(^)(/ A ) 

= a-(-[ad(7)]^) (y>) 

= (-HOOP) (a-</>) 
= (^)(/ A ). 

We deduce that 
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For <p, if) 6 C co (M A , A), ip ■ + ip ■ t v is an A-linear derivation. For any 
/ 6 C*°°(M), we get 

[<p ■ % + if, ■ ^ (f A ) = v ■ ^p(f A ) + 1> ■ %{f A ) 

= ^ ■ (-[ad(I)} A ) (if>) + V • (?) 
= (-[a<f)K) (tp-*) 

= vv>(/ A )- 

We deduce that 

7^ = <yS • T\f, + ^ • T^. 

That ends the proof. ■ 

For any ip, if) e C°°(M A , A), we let 

{<p,ip} A = 

In what follows, we will show that this bracket defines a structure of Poisson 
A-algebra on C°°{M A , A). 

Proposition 3 The application 

{,} A : C°°(M A ,A) x C°°{M A , A) — ► C°°(M A ,A), (tp,if>) M}a> 

is A-bilinear and skew-symmetric. 

Proof. It is obvious that this application is A-bilinear. For any ip e C°°(AI A , A), 
we verify that the application 

H v :C QC (M A ,A) ^C°°(M A ,A),V>^^W')+^) 

is an A-linear derivation. The application 

a v : C°°(M) — ► C ca {M A , A), f i ► T\p(f A ) + TfX(cp), 

is a vector field on M" 4 considered as a derivation of C°°(M) into C°°(M' 4 , A). 
As for / e C°°(M), we have 

H ip (f A )=?;(f A ) + 7^) 

= (^)(/ A )- 

We deduce, pQ, that 



On the other hand, we have 



(^)(f A ) = (^)(f) 



= (-[ad(f)} A ) ^) + ([aA{f)] A ) (<p) 



8 



for any / G C°°(M). Thus we conclude that = i.e. H v = 0. For any 

ip G C°°(M A , A), we get 

H V W) = 

i.e. 

7V(V0 = o. 

Thus 

= -{^>v}a- 
As the characteristic is different of 2, therefore 

{v,¥>Li = 

for any ip G C°°(M A , A), m 

Proposition 4 For any ip, ipi,ip2 € C°°(M' 4 , A), i/ien 

{v, -01 • i>2\ A = {<p, i>i} A -i>2 + ipi- {<p, M A ■ 

Proof. For any ip G C°°(M A ,A), as 

% : C°°{M A ,A) — ► C°°(M A , A) 
is an A- linear derivation, then we have 

{<£,V>i • V>2}a =tv(^i • ^2) 

= Tv(V'l) • V^2 + "01 • ^(^2) 

= V>i}a ■ ^2 + i>l ■ W, 1P2} A ■ 

That ends the proof. ■ 

Proposition 5 For f G C"°°(M) and G C°°(M A , A) , the application 
H (f A iV) : C°°{M A , A) — > C°°(M A , A), 

defined by 

H(f*,<P0) = [Tf*W] ~ H [TfZ(<p)] - 
for any ip G C°°{M A 1 A), is an A-linear derivation which is zero. 
Proof. In fact for a G A, we have 

H {f A t!p) (a-tp) 

= % [r/X(a • ip)] - f^p [t}~Z(<p)\ - 77X [i>(a • -0)] 
= % [a ■ Tj^{ip)] - (a • t^) [t}~Z(<p)] -Tf~Z[a- r^(ip)] 

= a • (?v [77^(0)] - ^ [7yX(v)] - 
= a-iJ (/ A^)(?A). 
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We also have, for 0i,0 2 G C°°(M A ,^), 

= [^(V'i + 02)] - TV^Hfc, [^(v)] ~ TyX [tv(V-i + 02)] 

= [^(V'i) + 77X^2)] - 77, [t>T(v)] ~ t> 2 [t^(<^)] 

- 77X [77(01)] - 77X [^(^2)] 

= 77 [rjliipij] - ^ \f^{tp)] - tJa [77(^1)] 

+ 77 [77^(^2)] - 77, [7yX(^)] - 77X pv(^2)] 

and 

#(/ A ,¥>)(0i ■ 02) 

= 77 [ryX^i • V2)] - 77^ [^(V)] ~ 77I [t7(0i ' 02)] 

= 77 [77^(^1) • 02 + ipi ■ 77^(^2)] - [02 ■ 7^ + ip! ■ t^ 2 ] [t}^(<p)] 

- Tjl p^Ol) • "02 + "01 ' TV^)] 

= T\p [771(^1 ) • V2] + 7> [01 ' 7tX(0 2 )] - (02 ' T^TJ [77X((p)] 

- (0i ' ^T 2 ) [t7^(^)] - 77X [77(01) • V2] - 77X [01 • 77(02)] 

= 77 [77X^1)] ' 02 + TfA^l) ■ 77(02 ) + 7> (0l) ' 771(^2) 
+ "01 ' 7> [77l(02)] " 02 ■ ffa [Tf*(<P)] - "01 ' [T^iv)] 

- T/X [t^(V>i)] ' 02 - 7>(0l) • 77X (0 2 ) 

- 77^ (0l) • 7>(0 2 ) ~ 01 • 77X [T^(tp 2 )} 

= 7> [77l(01 )] • 02 - 02 ' T^ t [Tf^(f)] - T/X [7>(0l)] • 02 
+ 01 • 7> [771(02)] - 01 • 7^T 2 [TfZ(<pj\ - 01 • TyX [7>(02)] 
= (77 [ttX(0i)] - 7^ [TyX{<p)\ ~ 77X [7V(01)]) • 02 
+ 01 ' (77 [77X(02)] ~ 77 2 [TfX(v?)] - TyX [77(02)]) 
= #(/^)(0l) • 02 + 01 • H {f A !lp 2 ) 

Thus the application Hija^ is an A-linear derivation. 
The application 

tr (/ A iv0 :C°°(M) -^C X (M A ,A), 

defined by 

o-(/a iV) ( 5 ) = 77 [771(5^)] - 774 [ttX(^)] - 77I \^{g A )} 
for any g G C°°(M), is a vector field on M A . It is obvious that is linear. 
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For g,h £ C°°(M), we get 

V(f A , v ){gh) = t% [rf(gh) A 



t^I [TfZ(<p)] - t}1 [r^(gh) A ] 
= % [^(9 A ■ h A )} - t^Z^ [rfZ(tp)] - 77I [?;(g A ■ h A )] 
= % [^(g A ) -h A +g A - rf(h A )] -g A -r^l [t&(<p)] 



[r f A(<p)] -T f A [ Tv {g A )-h A + 



9' 



= ^[r}l{g A )] ■ h A + rf{g A ) ■ ^p{h A ) + %{g A ) ■ rf(h A ) 
+ g A -?; [rf(h A )] ~g A -r^l [5yl(¥>)] -h A -^l \rjl{ip)] 
- r^^ A )] ■ h A - ^(g A ) ■ ^l{h A ) - yl{g A ) ■ ^(h A ) 
-g A -^[^(h A )} 

= (^[^(g A )} - v" [fpiv)] - rjX[?;(g A )}) ■ h A 
+ g A -fa [y^(h A )] - [t7*(v)] - yl [^p{h A )}) 

= <T(fA,<p)(9) ■ hA + 9 A ■ V(f*,<p){h). 

The application uifA tip \ is a vector field on M A . 
It is obvious that 

for any g £ C°°(M). Thus, [J, we have 



H, 



On the other hand, 

<7(f^p)(g A ) 



mg A )] 



TfA [t v (9 A )] 

TfA \^X(<p)] 



Vf-{9 A )] + [t/a,v] (?) 

[^(s A )] + [M/)] A ,N(s)] A ] M 
{/,s} a )+mUs}] a W 



for any 5 e C°°(M). We have, Q], 



cr (/ A :(p) = 



i.e. H {f A tV) = 0. 



Proposition 6 For any y>, V> e C°°(M A , A), then 



,7V, J 
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Proof. For / G C°°(M) and ip G C°°(M A , A), as H {fA ^ = 0, then 
for any ip G C°°(M A , A). Thus, we obtain 

{f A ,M} A } A = {v, {/^Lh - ty, {/ a ,p} x } x 
- {{^, ^ , / A h = - {<p, {v>, f A } A } A + W, f A } A } A ■ 



i.e. 

{{^} a j a } a = W,{*pj a } a } a -{^Wj a } a } a 

As for any / e C°°(M), we have 

Therefore, Q], 

That ends the proof. ■ 

We now will show the identity of Jacobi. 

Proposition 7 For any tp, 

0}a}>i + {V>, {</>, vIaIa + (IP' ^}a) A = °- 
Proof. For ip,i/;,<f) € C°°(M A ,A), we obtain 

O, bP, <t>} A } A + bp, {0, ^} A } A + {<P, W, ^} A } A 
= {<p, bP, 4>} A } A - {ip, W, 4>} A } A - {bp, *P} A , 4>} A 
= % P^OA)] - % \t^{4>)] - t\^] a O) 

= o. 

That ends the proof. ■ 

Thus, we have shown the following theorem: 

Theorem 8 If M is a Poisson manifold with bracket {,}, then M A is a A- 
Poisson manifold with the bracket 

{,} A : C°°(M A ,A)xC°°(M A ,A) — > C°°(M A , A), (p, ip) — > {p,iP} A = r v {i>). 

In this case, we will say that the structure of A-Poisson manifold on M A 
defined by {,} A is the prolongation on M A of the structure of Poisson manifold 
on M defined by {, }. 
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2.2 Structure of A-Poisson manifold on M A when M is a 
symplectic manifold 

Proposition 9 If u is a differential form on M and if 8 is a vector field on 
M, then 

(i e uj) A = i gA {uj A ). 

Proof. If the degree of u is p, then {ieuo) A is the unique differential ^4-form of 
degree p — 1 such that 



(i e uj) A (e A ,...,e A _ 1 ) = [(iguj)(e u ...,e p . 1 )} A 

for any 61,62, 6 P -i G X(M). As i g A{uj A ) is of degree p—1 and is such that 
i fl *(u; A ) [#,...,#_!] =co A (e A ,6 A ,...,6 A _ 1 ) 

for any 61,82, ...,6 p -i G X(M), we conclude that (ieu) A = igA(uj A ). m 
Proposition 10 If (M, O) is a symplectic manifold, then the application 

X(M A ) — ► A 1 (M A , .— ► i x f2 A , 

is an isomorphism of C°°{M A , A) -modules. 

Proof. Let A be a vector field on M A such that i^JV 4 = 0. Let £ 6 M A with 
origin x G M. As is a symplectic form, we can choose a system of local 
coordinates {x\,X2, ....,X2 n ) on an open U, x G U, such that 



n|i7 = ^^dxi Adxi +r 

i=l 

Thus £ G C/ A and 



i=i 

A 



As = 0, by writing X\ v a = ]>> (gf-) + (^) where 

i=i i=i 
fi, f i+n G C°°(U A , A) for i-l,2, n, we have 







" fi-\-n 
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and 



ix\ uA to A \u* 



(—) A 



for i = 1,2, ...,n. Thus = 0. Therefore A(£) = 0. As £ is arbitrary, we 

have X = 0. The application 

X(Af A ) — > A 1 (M A , A), X .— ► i^^- 4 , 

is injective. 

Let 77 G A 1 (M A , A), with origine xq € U where (U, if) is a chart 

with local coordinates (xi,x 2 , ....,X2 n ) such that 



and 



Q\u = ^dxi Adx l+n 

i=l 

n 



i=i 



By writing 



v\u A = Y^ h i dA< y x i) + E^+n^i+J. 



where hi, h i+n G C°°(U , A) for i = 1,2, n, we verify that the vector field 



Ojja — 'y^hj+r, 



i=l 



d 
dxi 



A n 



d 



\ UJj i-\-n 



is such that i$ a Q a \ua — t]\jja. If (V, ip) is an other chart around xo with local 
coordinates (x 1 ,x 2: ....,x 2n ) such that 

n 

fl\ v = ^dx't Adx' l+n 

and 



i=i 



1=1 



We have 



fyliMnv- 4 = (v\u A )\u A nv A 

= ( i e lfA \ uAnvA ^ A )\u A nv A 
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and 

v\u A nv A = {v\v A )\u A nv A 

= ( i vA \ U A r]V A^ A )\u A nv A 

Thus 8 U A\ U A nV A = 8 V A\ U A nV A. If (Ui) ie i is a covering of M with such opens, 
then there exists a vector field X on M A such that 

x \u A = @uf-- 

We have r\ = ix^" 4 and we conclude that the application 
X(M A ) — > A 1 (M A , A),X .— ► 

is surjective. ■ 

Corollary 11 When (M, f2) is a symplectic manifold, then (M A , Q, A ) is a sym- 
plectic A-manifold. 

When (M, Q) is a symplectic manifold, for any / G C°°(M), we denote Xf 
the unique vector field on M such that 

ix/fi = df 

and for any ip G C°°(M A ,A), we denote the unique vector field on M A , 
considered as a derivation of C°°(M) into C°°(M A , A), such that 

ix v n A = d A (^). 

In this case, we know that 

X f =ad(f). 

We easily verify that the bracket 

{<p,tp} nA = -n A (x v ,x^) 
= x v W) 

defines a structure of A-Poisson manifold on M A . 

Proposition 12 If (M,Q) is a symplectic manifold, for any f G C°°(M) then 

x f A = ( x f) A - 

Proof. The differential A-form 

i(x f ) A ^ A 

is the unique differential A-form of degree 1 such that 

[i (Xf) ^ A ] (6 A ) = n A ((x f ) A ,e A ) 
= [si(x f ,e)] A 
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for any 9 G X(M). On the other hand, the differential A- form i x , A 0> is of 
degree 1 and is such that 



n A (x f A,e A ) 

A (f) 
W)\ A 

[(40 {6)] A 
(df) A (6 A ) 



[ lXf n] A , 



for any 6 G X(M). We conclude that 



i (Xf)A n A = t XfA n A . 

Thus, we deduce that X f A~(Xf) A . m 
We state the following theorem: 

Theorem 13 // (M, 51) is a symplectic manifold, the structure of A-Poisson 
manifold on M A defined by Cl A coincide with the prolongation on M A of the 
Poisson structure on M defined by the symplectic form Q. 



Proof. We will show that 



for any (p G C*°°(M A , A). For any / G C*°°(Af), we have 
Mf A )= [d A (f A )](X v ) 



i XfA & 



We deduce, pQ, that 



= —Q A (Xy,, XfA) 

= -n A [x v ,(x f ) A ] 

= - [i x ^ A ] ((X f ) A ) 
= ~{d\) ((x f ) A ) 

= -{Xf) A (<p) 

= -[aMJ)] A { V ) 
= ^(f A )- 

Tin — . 



1G 



Therefore, for any <p, tp G C OD (M A ,A), we have 
That ends the proof. ■ 
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